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Generalization and stability

• We care about:

• Expected risk: 𝑅 = 𝔼𝑧~𝐷 ℓ 𝐴 𝑆 ; 𝑧

• This can be estimated by:

• Empirical risk: 𝑅𝑆 =
1

𝑛
σ𝑖=1
𝑛 ℓ 𝐴 𝑆 ; 𝑧𝑖

• 𝑅 − 𝑅𝑆 ➔ generalization error

Training set

Test set
𝒛~𝒟



the worst case change!
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Stability and generalization

• Stability: 

• The change in the performance of the algorithm’s output if a single data point is replaced

• 𝑆 = 𝒛1, ⋯ , 𝒛𝑖 , ⋯ , 𝒛𝑛 , ሚ𝑆𝑖 = 𝒛1, ⋯ , ෤𝒛𝑖 , ⋯ , 𝒛𝑛 ➔ℓ 𝐴 ሚ𝑆𝑖 ? ℓ 𝐴 𝑆

• In expectation, generalization equals stability.

• 𝔼𝑆 𝑅 − 𝑅𝑆 = 𝔼𝑆 𝔼𝑧~𝐷 ℓ 𝐴 𝑆 ; 𝒛 −
1

𝑛
σ𝑖=1
𝑛 ℓ 𝐴 𝑆 ; 𝒛𝑖

=
1

𝑛
σ𝑖=1
𝑛 𝔼𝑆, ሚ𝑆 ℓ 𝐴 ሚ𝑆𝑖 ; 𝒛𝑖 − ℓ 𝐴 𝑆 ; 𝒛𝑖

≤ sup
𝑆, ሚ𝑆,𝒛

ℓ 𝐴 ሚ𝑆 ; 𝑧 − ℓ 𝐴 𝑆 ; 𝑧 ➔ uniform stability 𝜖stab



Recap: Lipchitz conditions

• 𝐿-Lipschitz continuous: 

∀𝒖, 𝒗 ∈ Ω , 𝑓 𝒖 − 𝑓(𝒗) ≤ 𝐿 𝒖 − 𝒗 or ∀𝒙 ∈ Ω, ∇𝑓 𝒙 ≤ 𝐿.

• 𝛾-smooth (i.e., gradient Lipschitz continuous):

∀𝒖, 𝒗 ∈ Ω , ∇𝑓 𝒖 − ∇𝑓(𝒗) ≤ 𝛾.

• 𝔼𝑆 𝑅 − 𝑅𝑆 ≤ sup
𝑆, ሚ𝑆,𝒛

ℓ 𝐴 ሚ𝑆 ; 𝑧 − ℓ 𝐴 𝑆 ; 𝑧 ➔ uniform stability 𝜖arg

≤ sup
𝑆, ሚ𝑆

𝐿 𝐴 𝑆 − 𝐴 ሚ𝑆 ➔ uniform argument stability 𝜖stab
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Stability based generalization bound for Lipschitz loss functions

1. Generalization upper bound via stability: 𝜖gen 𝐴 ≤ 𝜖stab 𝐴 ≤ 𝐿𝜖arg 𝐴

2. Stability upper bound

• About key factors: sample size, learning rate, number of steps

3. Stability lower bound

• Construct an example

Stability upper bound102

10?
Stability lower bound102
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𝐿𝜖arg

𝜖gen



Outline

• Background on hyperparameter optimization (HO)

• Generalization and stability of HO algorithms

• Stability bounds of gradient-based HO algorithms

• Conclusion and discussion
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Hyperparameter optimization (HO)

• Hyperparameters: 

• num_layers, lr …

• Influential to training efficiency and results 

• Fixed during the training phase

• Three phases in machine learning

• training

• validation

• test
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Generalization and stability of HO

• Recap: Single-level optimization

• Generalization via uniform argument stability

𝜖gen 𝐴 ≜ 𝔼𝑆 𝑅 − 𝑅𝑆 ≤ sup
𝑆, ሚ𝑆

𝐿𝔼𝐴 𝐴 𝑆 − 𝐴 ሚ𝑆 ≜ 𝐿𝜖arg 𝐴

• Hyperparameter optimization: 

• Generalization on validation via uniform argument stability

𝜖gen 𝐴 ≜ 𝔼𝑆val,𝑆tr 𝑅 − 𝑅𝑆val ≤ sup
𝑆val, ሚ𝑆val, 𝑆tr

𝐿𝔼𝐴 𝐴 𝑆val, 𝑆tr − 𝐴 ሚ𝑆val, 𝑆tr ≜ 𝐿𝜖arg 𝐴

8

Validation set

Test set
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Formulation of HO

• Model parameters 𝜽, hyperparameters 𝝀

• Training loss ℓtr, validation loss ℓval

• Training set 𝑆tr = 𝒛𝑖
tr

𝑖=1

𝑛
, validation set 𝑆val = 𝒛𝑖

val
𝑖=1

𝑚

• Example 𝒛 = 𝒙, 𝒚 ∈ 𝒵 = 𝒳 ×𝒴
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𝝀∗ = argmin
𝝀∈Λ

𝑅𝑆val 𝝀 ≜
1

𝑚
σ𝑖=1
𝑚 ℓval 𝝀, 𝜽∗ 𝝀 ; 𝒛𝑖

val

where 𝜽∗ 𝝀 = argmin
𝜽∈Θ

𝑅𝑆tr 𝝀, 𝜽 ≜
1

𝑛
σ𝑖=1
𝑛 ℓtr 𝝀, 𝜽; 𝒛𝑖

tr

Outer level:

Inner level:

ℒval 𝝀; 𝒛𝑖
val

𝝀∗ = argmin
𝝀∈Λ

1

𝑚
σ𝑖=1
𝑚 ℒval 𝝀; 𝒛𝑖

val



• How to get the hypergradient ∇𝝀ℒ
val

• Modeling ℒval to be differentiable w.r.t. 𝝀

• e.g., architecture search, data reweighting

• Calculate ∇𝝀ℒ
val

• difficult for ∇𝝀ℒ
val 𝝀; 𝒛 ≠ ∇𝝀ℓ

val 𝝀, ෡𝜽; 𝒛

Approaches for solving HO
Gradient-based methods

Figure credit: Lorraine J, Vicol P, Duvenaud D. Optimizing millions of 
hyperparameters by implicit differentiation[C]//International conference 
on artificial intelligence and statistics. PMLR, 2020: 1540-1552.
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Outer optimization



Approaches for solving HO
Gradient-based methods

• ∇𝒙𝑓 𝒖 𝒙 , 𝒗 𝒙 = ∇𝒖𝑓 𝒖, 𝒗 ∇𝒙𝒖 𝒙 + ∇𝒗𝑓 𝒖, 𝒗 ∇𝒙𝒗 𝒙

• ∇𝝀ℒ
val 𝝀; 𝒛 = ∇𝝀ℓ

val 𝝀, ෡𝜽 𝝀 ; 𝒛 = ∇𝝀ℓ
val 𝝀, ෡𝜽; 𝒛 + ∇𝜽ℓ

val 𝝀, ෡𝜽; 𝒛 ∇𝝀෡𝜽 𝝀

• An example of optimizing the regularization coefficient in ridge regression

• ℒval 𝜆; 𝒛 =
1

2
𝑦 − 𝒙𝑇෡𝜽 𝜆

2
+

1

2
𝜆 ෡𝜽 𝜆

2

2

• ∇𝜆ℒ
val 𝜆; 𝒛 =

1

2
෡𝜽 𝜆

2

2
+ 𝑦 − 𝒙𝑇෡𝜽 𝜆 −𝒙 + 𝜆෡𝜽 𝜆 ∇𝜆෡𝜽 𝜆

• A direct approach: unrolling differentiation

• ෡𝜽𝑘 𝝀 = ෡𝜽𝑘−1 𝝀 − 𝜂∇𝜽ℓ
tr 𝝀, ෡𝜽𝑘−1 𝝀 ,

• ∇𝝀෡𝜽𝑘 𝝀 = ∇𝝀෡𝜽𝑘−1 𝝀 − 𝜂∇2𝜽𝝀ℓ
tr 𝝀, ෡𝜽𝑘−1 − 𝜂∇2𝜽𝜽ℓ

tr 𝝀, ෡𝜽𝑘−1 ∇𝝀෡𝜽𝑘−1 𝝀

11

Explicit, 

easy to be auto-calculated

Implicit, 

involving the inner optimization



• When 𝛼𝑡 = 𝑐/𝑡, 

• Thm 4 ( Deformed argument stability bounds, [2]). 

ℒval(𝝀) is 𝐿-Lipschitz continuous and 𝛾-smooth, the outer step size is 𝛼𝑡 ≤
𝑐

𝑡
, ℓtr(𝝀, 𝜽) is 𝛾tr-smooth 

w.r.t. 𝜽 and the inner step size 𝜂𝑘 = 𝜂, then for all 𝑆tr, 𝑆val and ሚ𝑆val, we have

Ω
𝑇
ln 1+ 1−

1
𝑚

𝑐𝛾

𝑚
≤ 𝜖arg ≤ 𝒪

𝑇
1−

1
𝑚

𝑐𝛾

𝑚
，

where 𝛾 = Θ 1 + 𝜂𝛾𝑡𝑟 2𝐾 .

Tight stability bounds
In the case of the constructed example
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Upper bound of 102

10?

Lower bound of 102



Conclusion

• The fundamental relation between generalization and stability:

• In expectation, generalization equals stability

• 𝜖gen 𝐴 ≤ 𝜖stab 𝐴 ≤ 𝐿𝜖arg 𝐴

• Hyperparameter optimization (HO) problems and gradient-based algorithms

• The core is to calculate the hypergradient

• Matching argument stability upper and lower bounds

• Ω
𝑇
ln 1+ 1−

1
𝑚

𝑐𝛾

𝑚
≤ 𝜖arg ≤ 𝒪

𝑇
1−

1
𝑚

𝑐𝛾

𝑚
, where 𝛾 = Θ 1 + 𝜂𝛾𝑡𝑟 2𝐾

• The current upper bound cannot be improved
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Stability upper bound
Recursion formula

• 𝜖arg 𝐴 = sup
𝑆val, ሚ𝑆val, 𝑆tr

𝐿𝔼𝐴 𝐴 𝑆val, 𝑆tr − 𝐴 ሚ𝑆val, 𝑆tr = sup
𝑆val, ሚ𝑆val, 𝑆tr

𝔼𝐴 𝝀𝑇 − ෨𝝀𝑇

• 𝔼𝐴 𝝀𝑇 − ෨𝝀𝑇 = 𝔼𝒜 𝝀𝑡−1 − 𝛼𝑡∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ෨𝝀𝑡−1 − 𝛼𝑡∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

≤ 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡𝔼𝐴 ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

≤ 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡 1 −
1

𝑚
𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 +

1

𝑚
2𝐿

= 1 + 𝛼𝑡 1 −
1

𝑚
𝛾 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡

1

𝑚
2𝐿

If 𝒛𝑖𝑡
val = ෤𝒛𝑖𝑡

val, leverage smoothness

≤ 𝛾 𝝀𝑡−1 − ෨𝝀𝑡−1

If 𝒛𝑖𝑡
val ≠ ෤𝒛𝑖𝑡

val, leverage continuity

≤ 2𝐿
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Stability upper bound
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• Unroll the recursion:

• Thm 1 (Argument stability upper bound, [1]). 

Suppose ℒval(𝝀) is 𝐿-Lipschitz continuous and 𝛾-smooth, the outer step size is 𝛼𝑡 ≤
𝑐

𝑡
, the gradient of 

ℓtr(𝝀, 𝜽) is 𝛾tr-smooth w.r.t. 𝜽 and the inner step size 𝜂𝑘 = 𝜂, then for all 𝑆tr, 𝑆val and ሚ𝑆val, we have

𝜖arg ≤ σ𝑡=1
𝑇 ς𝑠=𝑡+1

𝑇+1 1 + 1 −
1

𝑚
𝛼𝑠𝛾

2𝛼𝑡𝐿

𝑚
,

where 𝐿 = 𝒪 1 + 𝜂𝛾𝑡𝑟 𝐾 , 𝛾 = 𝒪 1 + 𝜂𝛾𝑡𝑟 2𝐾 .

• Considering 𝑇 and 𝑚: When 𝛼𝑡 = 𝛼, 𝜖arg = 𝒪 1 + 1 −
1

𝑚
𝛼𝛾

𝑇
/𝑚



• When 𝛼𝑡 = 𝑐/𝑡, 

• Thm 2 ( Deformed argument stability upper bound, [2]). 

Suppose ℒval(𝝀) is 𝐿-Lipschitz continuous and 𝛾-smooth, the outer step size is 𝛼𝑡 ≤
𝑐

𝑡
, the gradient of 

ℓtr(𝝀, 𝜽) is 𝛾tr-smooth w.r.t. 𝜽 and the inner step size 𝜂𝑘 = 𝜂, then for all 𝑆tr, 𝑆val and ሚ𝑆val, we have

𝜖arg ≤ 1 + 1 −
1

𝑚
𝑐𝛾 𝑇

1−
1

𝑚
𝑐𝛾 2𝐿

𝑚−1 𝛾
= 𝒪

𝑇
1−

1
𝑚

𝑐𝛾

𝑚
，

where 𝛾 = 𝒪 1 + 𝜂𝛾𝑡𝑟 2𝐾 .

Stability upper bound
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Deformed stability upper bound
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Integral and exponential inqualities



Stability upper bound

• 𝜖arg 𝐴 = sup
𝑆val, ሚ𝑆val, 𝑆tr

𝐿𝔼𝐴 𝐴 𝑆val, 𝑆tr − 𝐴 ሚ𝑆val, 𝑆tr = sup
𝑆val, ሚ𝑆val, 𝑆tr

𝔼𝐴 𝝀𝑇 − ෨𝝀𝑇

• 𝔼𝐴 𝝀𝑇 − ෨𝝀𝑇 = 𝔼𝒜 𝝀𝑡−1 − 𝛼𝑡∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ෨𝝀𝑡−1 − 𝛼𝑡∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

≤ 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡𝔼𝐴 ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

≤ 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡 1 −
1

𝑚
𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 +

1

𝑚
2𝐿

= 1 + 𝛼𝑡 1 −
1

𝑚
𝛾 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡

1

𝑚
2𝐿

If 𝒛𝑖𝑡
val = ෤𝒛𝑖𝑡

val, leverage smoothness

≤ 𝛾 𝝀𝑡−1 − ෨𝝀𝑡−1

If 𝒛𝑖𝑡
val ≠ ෤𝒛𝑖𝑡

val, leverage continuity

≤ 2𝐿

18
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Equality conditions

𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 − 𝛼𝑡 ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

≤ 𝔼𝐴 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡𝔼𝐴 ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

• ① Triangle inequality

• 𝝀𝑡−1 − ෨𝝀𝑡−1 and − ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val are parallel and in the same direction

• 𝝀0 = ෨𝝀0, 𝝀1 − ෨𝝀1 = −𝛼1 ∇𝝀ℒ
val 𝝀0; 𝒛1

val − ∇𝝀ℒ
val ෨𝝀0; ෤𝒛1

val ≗ 𝒗

• 𝒗1 ≗ 𝒗2, iff ∃𝑎 ≥ 0, s. t. 𝒗1 = 𝑎𝒗2

• ← For all 1 ≤ 𝑡 ≤ 𝑇,− ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val ≗ 𝒗, so that we also have 

𝝀𝑡 − ෨𝝀𝑡 ≗ 𝒗
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Equality conditions

If 𝒛𝑖𝑡
val = ෤𝒛𝑖𝑡

val, ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; 𝒛𝑖𝑡

val ≤ 𝛾 𝝀𝑡−1 − ෨𝝀𝑡−1

• ② Smoothness:

• Based on ①, ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; 𝒛𝑖𝑡

val = −𝛾 𝝀𝑡−1 − ෨𝝀𝑡−1 for 𝝀𝑡 − ෨𝝀𝑡 ≗ 𝒗

• The gradient of ℒval is linear w.r.t.𝝀

• ← ℒval is quadratic w.r.t.𝝀 with term: 
1

2
𝝀𝑻𝑯𝝀, where 𝑯𝒗 = −𝛾𝒗

20



Equality conditions

If 𝒛𝑖𝑡
val ≠ ෤𝒛𝑖𝑡

val, ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val ≤ 2𝐿

• ③ Continuity: 

• ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val = ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val = 𝐿 = sup𝝀,𝒛 ∇𝝀ℒ
val 𝝀; 𝒛

• Contradictory to ②: require ℒval to be linear

• ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val ≥ 2𝐿′, where 𝐿′ ≤ 𝐿

• Based on ① and ②, 

∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

= ∇𝝀ℒ
val 𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; 𝒛𝑖𝑡

val + ∇𝝀ℒ
val ෨𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

= −𝛾 𝝀𝑡−1 − ෨𝝀𝑡−1 + ∇𝝀ℒ
val ෨𝝀𝑡−1; 𝒛𝑖𝑡

val − ∇𝝀ℒ
val ෨𝝀𝑡−1; ෤𝒛𝑖𝑡

val

• ℒval has a linear cross term of 𝝀 and 𝒛

• ← ℒval has a linear term: −𝑦𝒙𝑻𝝀 and 𝑦𝑚𝒙𝑚 − ෤𝑦𝑚෥𝒙𝑚 ≗ 𝒗
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Constructed example

• The composite validation loss: ℒval 𝝀; 𝒛 =
1

2
𝝀𝑻𝑯𝝀 − 𝑦𝒙𝑻𝝀

• 𝑯 is a real symmetric matric 

• With the maximum absolute eigenvalue 𝛾

• With eigenvalue −𝛾 and a corresponding unit eigenvector 𝒗

• 𝑆val and ሚ𝑆val only differ in the last example, where 𝒛𝑚
val = 𝒙, 𝑦 = 𝒗, 1 and 

෤𝒛𝑚
val = ෥𝒙, ෤𝑦 = −𝒗, 1

22



• An HO problem with: ℓval 𝝀, 𝜽; 𝒛 = ℓtr 𝝀, 𝜽; 𝒛 =
1

2
𝜽𝑻𝑨𝜽 + 𝝀𝑻𝜽 − 𝑦𝒙𝑻𝜽

• 𝑨 is a real symmetric matric 

• With the maximum absolute eigenvalue 𝛾𝑨
• With eigenvalue −𝛾𝑨 and a corresponding unit eigenvector 𝒗

• 𝑆val and ሚ𝑆val only differ in the last example, where 𝒛𝑚
val = 𝒙, 𝑦 = 𝒗, 1 and 

෤𝒛𝑚
val = ෥𝒙, ෤𝑦 = −𝒗, 1

Constructed example
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Stability lower bound

• 𝔼𝒜 𝝀𝑡 − ෨𝝀𝑡 = 𝔼𝒜 𝝀𝑡−1 − 𝛼𝑡 𝑯𝝀𝑡−1 − 𝑦𝒙𝒊𝒕 − ෨𝝀𝑡−1 − 𝛼𝑡 𝑯𝝀𝑡−1 − 𝑦෥𝒙𝒊𝒕
= 𝔼𝒜 𝝀𝑡−1 − ෨𝝀𝑡−1 − 𝛼𝑡 𝑯 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝑦𝒙𝒊𝒕 − 𝑦෥𝒙𝒊𝒕
= 𝔼𝒜 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡𝔼𝒜 −𝑯 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝑦𝒙𝒊𝒕 − 𝑦෥𝒙𝒊𝒕

≥ 𝔼𝒜 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡 1 −
1

𝑚
𝛾𝔼𝒜 𝝀𝑡−1 − ෨𝝀𝑡−1 +

1

𝑚
2𝐿′

= 1 + 𝛼𝑡 1 −
1

𝑚
𝛾 𝔼𝒜 𝝀𝑡−1 − ෨𝝀𝑡−1 + 𝛼𝑡

1

𝑚
2𝐿′

If 𝒛𝑖𝑡
val = ෤𝒛𝑖𝑡

val, 

= 𝛾 𝝀𝑡−1 − ෨𝝀𝑡−1

If 𝒛𝑖𝑡
val ≠ ෤𝒛𝑖𝑡

val

≥ 2𝐿′

①

② ③
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Tight stability bounds
In the case of the constructed example

25

• Unroll the recursion:

• Thm 3 (Argument stability bounds, [2]). 

ℒval(𝝀) is 𝐿-Lipschitz continuous and 𝛾-smooth, the outer step size is 𝛼𝑡, ℓ
tr(𝝀, 𝜽) is 𝛾tr-smooth 

w.r.t. 𝜽 and the inner step size 𝜂𝑘 = 𝜂, then for all 𝑆tr, 𝑆val and ሚ𝑆val, we have

σ𝑡=1
𝑇 ς𝑠=𝑡+1

𝑇+1 1 + 1 −
1

𝑚
𝛼𝑠𝛾

2𝛼𝑡𝐿
′

𝑚
≤𝜖arg ≤ σ𝑡=1

𝑇 ς𝑠=𝑡+1
𝑇+1 1 + 1 −

1

𝑚
𝛼𝑠𝛾

2𝛼𝑡𝐿

𝑚
,

where 𝐿′ ⋍ 𝐿 = Θ 1 + 𝜂𝛾𝑡𝑟 𝐾 , 𝛾 = Θ 1 + 𝜂𝛾𝑡𝑟 2𝐾 .

Upper bound of 102

10?

Lower bound of 102



• When 𝛼𝑡 = 𝑐/𝑡, 

• Thm 4 ( Deformed argument stability bounds, [2]). 

ℒval(𝝀) is 𝐿-Lipschitz continuous and 𝛾-smooth, the outer step size is 𝛼𝑡 ≤
𝑐

𝑡
, ℓtr(𝝀, 𝜽) is 𝛾tr-smooth 

w.r.t. 𝜽 and the inner step size 𝜂𝑘 = 𝜂, then for all 𝑆tr, 𝑆val and ሚ𝑆val, we have

Ω
𝑇
ln 1+ 1−

1
𝑚

𝑐𝛾

𝑚
≤ 𝜖arg ≤ 𝒪

𝑇
1−

1
𝑚

𝑐𝛾

𝑚
，

where 𝛾 = Θ 1 + 𝜂𝛾𝑡𝑟 2𝐾 .

Tight stability bounds
In the case of the constructed example
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Deformed stability upper bound
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Conclusion

• The fundamental relation between generalization and stability:

• In expectation, generalization equals stability

• 𝜖gen 𝐴 ≤ 𝜖stab 𝐴 ≤ 𝐿𝜖arg 𝐴

• Hyperparameter optimization (HO) problems and gradient-based algorithms

• The core is to calculate the hypergradient

• Matching argument stability upper and lower bounds

• Ω
𝑇
ln 1+ 1−

1
𝑚

𝑐𝛾

𝑚
≤ 𝜖arg ≤ 𝒪

𝑇
1−

1
𝑚

𝑐𝛾

𝑚
, where 𝛾 = Θ 1 + 𝜂𝛾𝑡𝑟 2𝐾

• The current upper bound cannot be improved

28



Recap: Uniform stability of SGD
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