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Generalization and stability

* We care about:
* Expected risk: R = E,_,[?(A(S); z)]

* This can be estimated by:
 Empirical risk: Ry = %Z?zlf(A(S);Zi)

* R — R; = generalization error

z~D
Test set



Stability and generalization

* Stability:
* The change in the performance of the algorithm’s output if a single data point is replaced
¢ S — {th ;Zi; )Zn}/ S"l' — {Zl; )zi; ;Z’n} 9£(A(S~l) ) ? 'B(A(S) )

* In expectation, generalization equals stability.
1
 Es[R — Rs] = Es [E,p[£(A(S); 2)] -2 X, £(A(S); 2)]

=3, Eos[€(A(S7); 2;) — €(A(S); 2)]



Recap: Lipchitz conditions

* L-Lipschitz continuous:
vu,v € Q,|[f(w) — f)Il < Lllu—v| or Vx € Q, ||[Vf(x)l < L.
* yY-smooth (i.e., gradient Lipschitz continuous):

vu,v € Q,||Vf(w) - Vf()ll <.

. E¢[R — R] < sqp|£(A(§);Z) — L(A(S); Z)| = uniform stability €,,,
S,S,z
< sup L||A(S) — A(f)” => uniform argument stability €t
S,S



Stability based generalization bound for Lipschitz loss functions

|. Generalization upper bound via stability: €,.,(4) < €51ap(4) < Leyg(A)

2. Stability upper bound

* About key factors: sample size, learning rate, number of steps

3. Stability lower bound

* Construct an example

102 ~—__— Stability upper bound

Stability lower bound



Outline

* Background on hyperparameter optimization (HO)
* Generalization and stability of HO algorithms
* Stability bounds of gradient-based HO algorithms

 Conclusion and discussion



Hyperparameter optimization (HO)

° Hype rparam eters: Public | Private

e num 1 ayers, lr ... The private leaderboard is calculated with approximately 33% of the test data.
This competition has completed. This leaderboard reflects the final standings.

* Influential to training efficiency and results
@ Prize Winners

* Fixed during the training phase

# A Team Members

1 — Clevert @ @

2 -~ 1022 ryo

* Three phases in machine learning

* training
. . -~ 568 ForcewithMe
e validation

® @<

4 -1 Igor Krashenyi
* test

5 -5 lvan Panshin -

-

A S A S A
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Generalization and stability of HO

* Recap: Single-level optimization

* Generalization via uniform argument stability
€gen(4) £ Eg[R — Rg] < sup LE4|||A(S) — A(S)||] 2 Learg(A)
5,5

* Hyperparameter optimization:

* Generalization on validation via uniform argument stability
€gen(A) £ Egval gir|[R — Reval] € sup  LE,[||A(SY2, S™) — A( 573, S%)||] 2 Learg(A)

Sval’ gval, str



Formulation of HO

Validation

Model parameters 0, hyperparameters 4 - set

Training loss £', validation loss £V3!

Optimization of weights

A

{ Zyal}m Create neural network
=1

%::% Jomen ] Evaluate

n —_
Training set S = {z%r}i_l, validation set SV3! =

Examplez = (x,y) €EZ2 =X XY

Outer level: A" = argminRgvai(4) £ — ?’1%Qi@ﬂ%-£val(l; z/)

AEA

Inner level: where 8*(4) = argmin R.r(4,0) £ %Z?ﬂ £ (}», 0; z%r)
0c0

A* = argmin— Y7 L, Lva(2; 2

len ™ 9



Approaches for solving HO

Gradient-based methods

Algorithm 1 Gradient-based bilevel HO

* How to get the hypergradient V; rval Input: Initialization Ag and 6g; training set S* and
validation set SV?!; learning rate scheme « and 7.

* Modeling £"! to be differentiable w.r.t. 4 forf — Lto T do
* e.g,architecture search, data reweighting

. 1 o 75 f1C
Calculate V; L™ Inner optimization
« difficult for V;£V3(4; z) # V,£31(2,8; z)

uniformly sampling ¢; from [m]
At — At—l — OftVAﬁval()\t_l; Z,::f?l
end for Outer optimization|

return A\r and 0y

Loss Ly.a. (X)

Figure credit: Lorraine J, Vicol P, Duvenaud D. Optimizing millions of
hyperparameters by implicit differentiation[C]//International conference
on artificial intelligence and statistics. PMLR, 2020: 1540-1552.
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Approaches for solving HO

Gradient-based methods

* Vof (u(x),v(x)) = Vo f (, v)V,u(x) + V, f (u, v)V,v(x)

VLV (2;2) = v,073(2,0(4);2) = V073 (2,0;2) + VotV (4,0;2)V,0(2)

Explicit, Implicit,
easy to be auto-calculated  involving the inner optimization

* An example of optimizing the regularization coefficient in ridge regression
« L3 2) = 2 (y - 28D +2Ao|?
¢ VLA 2) = 0] + [ (v — 278 (—x) + 28| v,8(1)
* A direct approach: unrolling differentiation
¢ B =B (D) — V" (2,8, (D),
* V30,2 = V38,1 (2) = V238" (4,0)—1) — V%" (4,0)—1)V; 8,1 (D)
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Tight stability bounds

In the case of the constructed example

* When a; = c¢/t,

* Thm 4 ( Deformed argument stability bounds, [2]).

LY (Q) is L-Lipschitz continuous and y-smooth, the outer step size is a; < % Y (A4, 0) is yT-smooth

w.r:t. @ and the inner step size Ny, = 1, then for all S, SV and SV, we have

(LR (1),

Q

where y = 0((1 + nyt)?X).

102 = Upper bound of €arg
I Garg
102 mmES=eme  |ower bound of €arg 12



Conclusion

* The fundamental relation between generalization and stability:

* In expectation, generalization equals stability
* €gen(A) < €5tan(A) < Legrg(4)

* Hyperparameter optimization (HO) problems and gradient-based algorithms

* The core is to calculate the hypergradient

* Matching argument stability upper and lower bounds

(TN () e~ ety

m m
* The current upper bound cannot be improved




Stability upper bound

Recursion formula

* €arg(A) = sup LE,|||A(SY3LS™) —A(SVALSY)|] = sup  Eul||Ar — Ar|]

Svalj gval} gstr Sval, gval} gtr

 Eafllar = Zrll] = B []|2s - @8 (A2 = (s - ¥l (A 2 )|
e R [ e D R e

\ Y
I _ zval o
If ;> = Z;7, leverage smoothness If z‘i’tal + z‘i’tal, leverage continuity
S y”)'t—l - At—l” S ZL

~ 1 ~ 1
sE4w@4-apmyﬂnK1-E)@mhq-quu+E24

14 e (1 == )y Ball Ay = Aoy |]] + ce—21
= e\ L= V| Ealll4e-1 = 41 +“t%
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Stability upper bound

 Unroll the recursion:

* Thm | (Argument stability upper bound, [1]).

Suppose LY (A) is L-Lipschitz continuous and y-smooth, the outer step size is a; < % the gradient of

£ (A, 0) is y T -smooth w.rt. O and the inner step size 1, = 1, then for all S, SV and §V2!, we have

T T+1 1 2a¢L
€arg < lt=11ls=t41 (1 + (1 _;) asy) m

where L = O((1 +nyt™)¥),y = 0((1 + nyt")?K).

" T
* Considering T and m:When a; = @, €3¢ = O (1 + (1 — ;) ay) /m
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Stability upper bound

* When a; = c/t,

* Thm 2 ( Deformed argument stability upper bound, [2]).

Suppose LY (A) is L-Lipschitz continuous and y-smooth, the outer step size is a; < - the gradient of

£ (A, 0) is Yy -smooth w.r.t. @ and the inner step size 1, = 1, then for all S, SV and SV, we have

g < (14 (1= ) ey) 1oy 2 _ o (1007)

(m-1)y

where y = O((1 + ny'™)?K).

16



Deformed stability upper bound

2cL  2¢L
— +

tm Tm

=4 1\~

< ZSH “"P[(l‘;):
— 1 T 1|2L 2L
=2 e (1‘5)'}'6 2 ;}a+m

t=1 s=i+1

T-1 I
(1 - i)";uf_:ln r
m t

2cL | 2cL

13- 1 t.
o -+ T—m (Vt; > t1 > 15Zt:t1 7 <In Ti—))

t1—1

IA

1\
o)
e

m =1
< %T(l—l,’m)wc (1 + /Tt—(l—lf‘m)')'r?—ldt) (Va > 0, Z?:l el <1 4 flT t—a—1dp)
" m(l Eclf’m)cv [(1 - Um)?C)T{l_Un : 1]
S [ 1+ (1- l/m)’}*c)T(l_”’“)"C — 1] . . P
(m—1n Integral and exponential inqualities
T(1- %)y
= O( o )r
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Stability upper bound

* €arg(A) = sup LE,|||A(SY3LS™) —A(SVALSY)|] = sup  Eul||Ar — Ar|]

Svalj gval} gstr Sval, gval} gtr

 Eafllar = Zrll] = B []|2s - @8 (A2 = (s - ¥l (A 2 )|
© < Balldies = sl + B0 (emsizlt) = 026 o)

(.
f val _ zval val ~val T
If z;”" = Z; ", leverage smoothness If z;* + z]*, Ieverage continuity
t t
@ <V||/’lt 1= Ao G <2L

~ 1 ~ 1
< Ey[[Aeey — Aps[] + [(1 _E) B[y — Ao ] +;12L]

N1t e (1= =) | Bl ey = Ao []] + @ —21
=1+ a — V| Ealll4e-1 — Aea +“tm
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Equality conditions

E, [H'lt—l yR— (VALval()lt 520 = VoL (2 2 ~va1))|“
< By} 2c-s ﬂt ]+ @ Bal VAL (Ae-1; 277) = Va LY (Ae-1; 7))
e (1) Triangle inequality
© A¢_1—As_q and — (VALVZ"I(A z}) = v,Lval (A4 "al)) are parallel and in the same direction
o Ao =Jo Ay — Xy = —a; (VL (20 24Y) — VLY (A 1)) = v
* V1 2 v, iffda = 0,s.t.vy = av,
e —Foralll<t<T,— (V,lﬁval(/lt_l; Z}’tal) — VLY (Ae_y; i‘i’tal)) 2 P, so that we also have
A — A 2= v

19



Equality conditions

If 272 = 272, ||VaLva (Ao 1; 27?) — VLY (Apmg; 20 || < v Aeo1 — Ae-a|

lt

* (2) Smoothness:
» Based on (D, V3LV (Ay_1; 27') = VLY (Ap_1; 20) = —y(Apo1 — Ap—q) for 4, — 4, 2 v
* The gradient of LY is linear w.r.t. 4

« — £V is quadratic w.r.t. 4 with term:%/lTH)L, where HV = —yv

20



Equality conditions

th;/tal :/:Z\i/al ”V Lval(;{t 1 Z Yal) v/ Lval()lt 1’~Val)|| < 2L

. @ Continuity:
|VALval(At 1 Z val)” — ”VALval(At 1;~Val)” — [ = SupAZ”vlLval(A Z)”

« Contradictory to (2): require £L"2! to be linear

o ||VaLval(Ae_g; 2/®) — VaLV(A_q; 27)|| = 2L where L' < L
* Based on (1) and (2),
VALval(At . Zval) \v/ Lval(A ~val)
— V)u/-"val()tt—l thal) v/ Lval(at 1 Z Val) +V Lval(it 1 Z Val) . Vlﬁval(it—liz‘i,tal)
— _V(/lt—l _ it—l) + V,lﬁval(;lt val) \v/ Lval(l ~Va1

lt

e £Val has a linear cross term of A and z

e «— LV hasa linear term: —yxTA and y,, x,, — ¥, X,y = V

21



Constructed example

* The composite validation loss: LY (4;z) = %ATHA — yxTA

* H is a real symmetric matric
* With the maximum absolute eigenvalue y
* With eigenvalue —y and a corresponding unit eigenvector v
e SVal and $Va only differ in the last example, where z¥3 = (x,y) = (v, 1) and
Zyd' = (X35 = (-v,1)



Constructed example

» An HO problem with: #73(2, 8; z) = £(4, 0; z) = %HTAG + 270 — yxTo

* A is a real symmetric matric

* With the maximum absolute eigenvalue y,4
* With eigenvalue —y4 and a corresponding unit eigenvector v

e SVal and $Va only differ in the last example, where z¥3 = (x,y) = (v, 1) and
Zy' = (%) = (-v, 1)



Stability lower bound

. Eﬂ[||/1t — it”] = E4 [H’lt—l — at(H"{t—l — yxit) B (it‘l - at(HAt‘l - yxit))”]
= Eaf||4-1 — Aoy — ae[H(Aeor = Ae-a) + (v, — y%3)]|(]
@ = Balllder = Ao ||] + @Bl | -H(Aeo1 = 2o + [y, — v ]

& J
If z}’tal = Z‘i’tal, If z}’tal * Z}’tal
@ =[l(Ae-1 = 1) ® =22

o B[ — Aol + e |( 1= =) Y B[y — Aoy |l] +— 2
= It 4 t—1 — t—1: At _E)’Jl t—1 — At—1 ;1

1t o (1= )y Bl Ay = Ao [l] + @ =21
il A s V_ Alll4e-1 — Ae-ll] + &
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Tight stability bounds

In the case of the constructed example

 Unroll the recursion:

* Thm 3 (Argument stability bounds, [2]).

L3 (2) is L-Lipschitz continuous and y-smooth, the outer step size is a;, € (A, 0) is y*-smooth

w.r.t. @ and the inner step size Ny, = 1, then for all S, SV and SV, we have

1 2a.L 1 2a¢L
Z:=1 gitfl+1 (1 + (1 _Z) asy)Tt = €arg = Z{=1 .791:1“1+1 (1 + (1 _ ;) CZS]/) mt ’

where L' = L = 0((1 +ny™)X),y = 0((1 + ny™)?).

102 ~m——e—-==  Upperbound of €arg
] ea,rg
102 mmESmea | ower bound of €arg
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Tight stability bounds

In the case of the constructed example

* When a; = c¢/t,

* Thm 4 ( Deformed argument stability bounds, [2]).

LY (Q) is L-Lipschitz continuous and y-smooth, the outer step size is a; < % Y (A4, 0) is yT-smooth

w.r:t. @ and the inner step size Ny, = 1, then for all S, SV and SV, we have

Q(ﬂn(“i—%)cv)) e <0 (T(lj)cy)/

where y = 0((1 + nyt)?X).

26



Deformed stability upper bound

€arg

IV

IV
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Conclusion

* The fundamental relation between generalization and stability:

* In expectation, generalization equals stability
* €gen(A) < €5tan(A) < Legrg(4)

* Hyperparameter optimization (HO) problems and gradient-based algorithms

* The core is to calculate the hypergradient

* Matching argument stability upper and lower bounds

(TN () e~ ety

m m
* The current upper bound cannot be improved




Recap: Uniform stability of SGD

N/

strongly convex convex non-convex
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